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The stress intensity factor and stress field expression for long cracks near an infinite-length
plate bore are calculated using the Muskhelishvili Complex Function Approach. It applies
to engineered bore edge cracks, especially under the condition in which the elliptical bore
is subjected to internal pressure or only the surface of the crack is subjected to internal
pressure. The formula is validated by numerical simulation and applies both to elliptical and
circular holes. The variation of stress intensity factor with crack length is analyzed when the
special round hole is only subjected to internal pressure. It has practical application value
in fracture engineering.
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1. Introduction

In recent years, rock fragmentation by expansion is a common method of rock fragmentation in
tunnel engineering (Guo et al., 2017). It does not only cause rock fragmentation in a short period
of time, but also allows secondary rock disintegration. Its economic advantages of environmental
protection, efficiency and applicability have been widely recognized in engineering. During the
formation period and excavation disturbance, a large number of cracks is generated in the rock
mass, and the existence of cracks reduces mechanical strength and deformation resistance of the
rock mass (Zhang et al., 2022, 2023a). Hole-edge cracks are a commonly observed type of cracks
in engineering structures. However, due to their discontinuous nature at the interface, analytical
solutions are difficult to obtain directly. Fracture mechanics has made significant progress in
both theoretical and numerical approaches over the years (Zhang et al., 2023b; Alderliesten,
2007; Fett, 1992; Aliabadi et al., 1987; Parker and Andrasic, 1983; Andrasic and Parker, 1984;
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Bakuckas, 2001; Brennan and Ten, 2004; Chen et al., 2001; Deng and Matsumoto, 2017). Bowie
(1956, 1964) employed numerical techniques to compute the stress intensity factors of single-
-hole single-crack or single-hole double-crack configurations in an infinite flat plate subjected to
uniaxial or biaxial loading.
Xu et al. (2018) employed a weight function closure method to address the opening displace-

ment of a symmetrical double crack with a circular hole in an infinite flat plate under partial
stress on the crack surface. They provided a crack surface displacement equation for partial
cracks under uniform stress through fitting calculation results from the weight function method.
Hasebe and Chen (1996) investigated the analytical solution of a single crack defect on the edge
of a circular hole, assuming that the crack surface receives uniform internal pressure and the
edge of the hole is free, using complex variable function methods and function theory methods.
They provided an expression for the stress intensity factor. Zhao et al. (2012) utilized a complex
function method, constructing a transcendental function to map a single crack on the edge of an
elliptical hole onto a complex plane, and provided an expression for the stress intensity factor.
Gao et al. (2003a,b) were the first to apply the Stroh formula to solve the exact problem of ellip-
tical holes containing a single and two collinear permeable cracks in magnetoelectric elastomers,
and their research results could serve as a benchmark for testing the effectiveness of analytical
methods for solving more complex crack problems. Xu and Yang (2022) solved the anti-plane
fracture problem of regular hexagonal hole edge cracks in composite materials using complex
variable function methods and studied their crack propagation laws. Zhu et al. (2016) and Yan
(2007) investigated the stress intensity factor and opening displacement of double cracks at the
edge of an infinite flat plate under stress.
The above research results are all aimed at geometric forms of single or collinear cracks along

the edge of the hole. Zhou et al. (2020) also used the finite-cut weight function method to solve
the crack problem at the edge of the hole. However, for a single crack on the edge of an elliptical
hole, there are two types of weight functions: analytical and numerical. Nonetheless, the accuracy
of the horizontal weight functions derived from diverse analytical techniques considerably varies,
necessitating stringent verification. As of now, there is currently limited literature on the exact
analytical solution of a single crack problem on the edge of an elliptical hole.
This paper employs the Muskhelishvili Complex Function method and Cauchy integral the-

ory along with the superposition principle of elasticity to calculate the stress intensity factor.
Specifically, the stress intensity factor is calculated under the condition that only the circular
hole is subject to a uniform force and the crack surface is not under stress. The Abaqus cloud
image fusion method is used to solve and verify the stress intensity factor, which serves as a
basis for predicting the fatigue growth life of the crack near the elliptical hole on an infinite
plate.

2. Muskhelishvili complex function method

Assuming the presence of an ellipse in an isotropic infinite plane with a crack located on the
edge of its hole, the surface of the hole is subjected to uniform internal pressure, while there is
no force at infinity, as shown in Fig. 1.
The governing equation for this problem is

∇2∇2U = 0 (2.1)

where ∇2 = ∂2/∂x2 + ∂2/∂y2, U represents the Airy stress function, and

σyy =
∂2U

∂x2
σxx =

∂2U

∂y2
σxy = −

∂2U

∂x∂y
(2.2)

where σij is the stress component.
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Fig. 1. Force diagram of an elliptical hole

According to literature (Bowie, 1964)

U(x, y) = Re
[

zϕ1(z) +

∫

ψ1(z) dz
]

(2.3)

where ϕ1(z) and ψ1(z) are two analytical functions representing the complex variable z = x+iy,
z is the conjugate of z; Re represents the real part of a complex number.

From the basic relationship of static elasticity and Eq. (2.3), the expressions for stress and
displacement can be obtained as

σxx + σyy = 2[ϕ
′

1 + ϕ
′

1(z)] = 4Reϕ
′

1(z)

σyy − σxx + iσxy = 2[zϕ′′1(z) + ψ′1(z)]
2µ(ux + iuy) = κϕ1(z)− zϕ(z) − zϕ′1(z)− ψ1(z)

(2.4)

where κ = (3 − v)/(1 + v) represents the plane stress state, κ = 3 − 4v represents the plane
strain state.

Fig. 2. Mapping from the elliptical to circular hole

If a suitable conformal mapping z = ω(ζ) can be mapped, i.e. mapping the region on the
physical plane z to the interior of the unit circle on the ζ plane (as shown in Fig. 2, then equations
(2.1), (2.2) and (2.3) become

σθ + σρ = 4Reϕ(z)

σθ − σρ − 2iτρθ =
2ζ2

ρ2ω′(ζ)
[ω(ζ)φ′(ζ) + ω′(ζ)ψ(ζ)]

E

1 + µ
(uρ + iuθ) =

ζ

ρ

ω′(ζ)

|ω′(ζ)|
[3− µ
1 + µ

ϕ(ζ)− ω(ζ)

ω(ζ)
ϕ′(ζ)− ψ′(ζ)

]

(2.5)
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Among them, (ρ, θ) is ζ the polar coordinate of a plane, with

ϕ1(z) = ϕ1[ω(ζ)] = ϕ(ζ) ψ1(z) = ψ1[ω(ζ)] = ψ(z)

ϕ′1(z) =
ϕ′(ζ)

ω′(ζ)
= φ(ζ) ψ′1(z) =

ψ′(ζ)

ω′(ζ)
= ψ(ζ)

(2.6)

For the unknown functions ϕ(ζ) and ψ(ζ), the following functional equations (Fett, 1992) are
satisfied

ϕ(ζ) =
1 + µ

8π
(fx + ify) ln ζ +Bω(ζ) + ϕ0(ζ)

ψ(ζ) = −3− µ
8π
(fx − ify) ln ζ + (B′ + iC ′)ω(ζ) + ψ0(ζ)

(2.7)

where fx and fy represent boundary conditions within the plane region, and B and B
′ + iC ′

represent boundary conditions at infinity, which are

B =
1

4
(σ1 + σ2) B′ + iC ′ = −1

2
(σ1 − σ2)e−2iα (2.8)

where α denotes the angle between the principal stress σ1 at infinity and the Ox axis.
In equations (2.7), ϕ0(ζ) and ψ0(ζ), respectively

ϕ0(ζ) +
1

2πi

∫

σ

ω(σ)

ω′(σ)

ϕ′0(σ)

σ − ζ dσ =
1

2πi

∫

σ

f0
sigma− ζ dσ

ψ0(ζ) +
1

2πi

∫

σ

ω(σ)

ω′(σ)

ϕ′0(σ)

σ − ζ dσ =
1

2πi

∫

σ

f0
σ − ζ dσ

(2.9)

where

f0 = i

∫

(fx+ify) ds−
fx + ify
2π

lnσ− 1 + µ
8π
(fx−ify)

ω(σ)

ω′(σ)
−2Bω(σ)−(B′−iC ′)ω(σ) (2.10)

Perform conformal mapping as follows (Deng and Matsumoto, 2017)

z = ω(ζ) =
a+ b

2

1 +

√

(

1+ζ
1−ζ

)2
+ k2

1−
√

(

1+ζ
1−ζ

)2
+ k2

+
a− b
2

1−
√

(

1+ζ
1−ζ

)2
+ k2

1 +

√

(

1+ζ
1−ζ

)2
+ k2

(2.11)

where

c+ a = α c− a = β k =
β − b+

√

αβ + b2

α+ b+
√

αβ + b2

This mapping maps an infinite flat plate with a single cracked elliptical hole on the physical
plane shown in Fig. 1 to the interior of the unit circle on the mathematical plane shown in Fig. 2,
and has

ω−1(−a)→ −1 ω−1(c)→ 1
ω−1(−bi)→ A ω−1(bi)→ B

(2.12)

Thus, equations (2.9) can be solved under various boundary conditions.
After determining the function ϕ(ζ), one can obtain a very important physical quantity in

fracture theory – the stress intensity factor.
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The introduction of the complex stress intensity factor (Alderliesten, 2007) is

K
(c,0)
I − iK(c,0)II = 2

√
π lim
ζ→1

√

|ω(ζ)− c| ϕ
′(ζ)

√

ω′(1)
= 2
√
π lim
ζ→1

ϕ′(ζ)
√

ω′′(1)
(2.13)

From here, it can be seen that as long as ϕ′(ζ) is determined, KI and KII can be obtained.
The following calculations are based on the specific boundary conditions of the problem.

From equation (2.11), when |σ| = 1, ω(1/σ) = ω(σ) can be obtained, where

H(∞) = 1
2πi

∫

γ

ω(σ)

ω
(

1
σ

)′
ϕ′0

( 1

σ

)

(2.14)

Then H(ζ) is analyzed outside the unit circle and can be extended to a continuous function
on the circumference. It can be concluded that

1

2πi

∫

γ

ω(σ)

ω
(

1
σ

)′
ϕ′0

( 1

σ

)

= H(∞) = 0 (2.15)

As shown in Fig. 3, first consider an infinite plate under uniform pressure at both elliptical
and crack edges, with a pressure of q. In this case

f0(σ) = −qz = −qω(σ) ϕ(ζ) =
q

2πi

∫

γ

ω(σ)
1

σ − ζ dσ (2.16)

Fig. 3. Stress diagram of the ellipse with cracks

Due to the fact that there is no force on the boundary of the flat plate at infinity, and the
forces on the elliptical hole and crack are balanced, the following holds

fx = fy = B = B
′ = C ′ = 0 (2.17)

From equations (2.7)1 and (2.11), it can be concluded that from equations (2.7)1 and (2.11),
one arrives at

ϕ′0(ζ) = ϕ
′(ζ) = − p

2πi

∫

γ

ω′(σ)

σ − ζ dσ =
a+ b

4
(g + 1)

lim
ζ→1

1
√

ω′′(1)
=

√

2(g2 − 1)
√

(g + 1)
[

a(g2 − 1) + bg
√

g2 − 1
]

(2.18)

where

g =
(a+ b)2 +

(

c+
√

αβ + b2
)2

2(a+ b)
(

c+
√

αβ + b2
)
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Replace Eqs. (2.9) with Eq. (2.14), and note that when both the hole and crack are subjected
to uniform internal pressure, KII(c, 0) = 0, there is

K ′I(c, 0) = 2
√
π lim
ζ→1

ϕ′0
√

ω′′(1)
=
(a+ b)p

√

π(g + 1)(g2 − 1)
√

2
[

a(g2 − 1) + bg
√

g2 − 1
]

(2.19)

for the case where only the crack surface is under pressure and the pore surface is not under
force, as shown in Fig. 4. Their the elliptical hole edge crack is mapped to the mathematical
plane through equation (2.5)3. ζ is inside the unit circle above, and the lower bank a

− of the
crack initiation point a is mapped to point C, and the upper bank a+ of a is mapped to point D.

Fig. 4. Crack stress diagram only

On the arc segment of a+ from the lower bank z1 of a to the upper bank a
− counterclockwise,

f1 = −qz = −qω(ζ), and on the arc segment of a+ from the upper bank z2 of a to the lower
bank z1 counterclockwise, f1 = −qz2. The combined surface force acting on the crack at the
edge of the hole is 0, and there is no force at infinity. According to equation (2.18)1, it can be
obtained

ϕoL(ζ) =
q

2πi

∫

AB

ω(σ)
1

σ − ζ dσ +
qz2
2πi

∫

BA

1

σ − ζ dσ (2.20)

Similarly, according to Eq. (2.14), the stress intensity factor under uniform internal pressure
can only be obtained on the crack surface

K
(c,0)
I(OL) = 2

√
π lim
ζ→1

√

2(g2 − 1) q2πi
∫

AB

ω(σ)′

σ−ζ dσ

√

(g + 1)
[

a(g2 − 1) + bg
√

g2 − 1
]

(2.21)

Using the superposition principle of elastic fracture mechanics (Alderliesten, 2007), subtract
the crack stress intensity factor in Fig. 3 and the crack stress intensity factor in Fig. 4 to obtain
the expression of the stress intensity factor in Fig. 1

K
(c,0)
I(O) = K

(c,0)
I −K(c,0)I(OL) (2.22)

Substitute Eqs. (2.19) and (2.21) into Eq. (2.22) to obtain the stress intensity factor of the
crack at the edge of an elliptical hole in an infinite flat plate under stress

K
(c,0)
I(O) =

q
√

π(g2 − 1)
[

α
√
g + 1− q

2πi

∫

γ12

ω(σ)
σ−ζ dσ

]

√

2
[

a(g2 − 1) + bg
√

g2 − 1
]

(2.23)

It is worth noting that when ζ is on the integration path, equation (2.14) is a singular integral
equation, and the approximate calculation of the Cauchy principal value integral needs to be
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considered. In this paper, singular point separation and a finite difference numerical method are
used for calculation.
In order to clearly express the stress distribution near the crack tip, a polar coordinate

system with the crack endpoint as the origin (commonly referred to as the crack leading edge
coordinate system) ζ = reiθ = c+ ζ is introduced, so z2 − a2 = (z + a)(z − a) = (2a+ ζ)ζ.
In the region near the crack end, |ζ| = r ≪ 2a, using the binomial theorem, expand the

complex variable function of stress at the crack end within the convergence range of |ζ| < a, to
obtain

σx =
KI√
2πr
cos

θ

2

(

1− sin θ
2
sin
3θ

2

)

+ o(r−1/2)

σy =
KI√
2πr
cos

θ

2

(

1 + sin
θ

2
sin
3θ

2

)

+ o(r−1/2)

τxy =
KI√
2πr
sin

θ

2
cos

θ

2
cos
3θ

2

(2.24)

3. Numerical calculation analysis

3.1. Calculation model

In order to verify the correctness of the analytical solution for the I stress intensity factor
at the crack tip, a planar model was established using Abaqus to simulate and calculate the
elliptical hole model with a single crack.
Considering that the plane model is an infinitely large flat plate, the size of the flat plate

model differs significantly from the proportion of circular holes contained in the modeling process,
far exceeding 100 times. Figure 5 shows the calculation model when a = 4, b = 2 and c = 1,
with thick red lines indicating pre-fabricated cracks. The mesh type consists of tetrahedral
elements, which is densely divided in the vicinity of circular holes and cracks. The boundary
conditions of the model are completely fixed around the edges, while the edges of the elliptical
hole are subjected to uniform internal pressure, and the cracks are not subjected to pressure.
The concentric circle at the crack tip is the integral region of the cloud image.

Fig. 5. Crack model, boundary conditions and a stress diagram

In order to reduce the influence of elliptical hole deformation on the calculation of stress
intensity factors at the crack tip after loading, the material model of the flat plate is an elastic
model, with an elastic modulus of 200 GPa and a Poisson’s ratio of 0.25.

3.2. Analysis of the stress field at the crack tip of an elliptical hole

When a = 4, b = 2, β = 1, Fig. 6 shows the von Mises stress cloud map and an enlarged grid
map of the crack tip finite element model calculated by the Abaqus numerical model.



164 S. Chen et al.

Fig. 6. Crack model and an enlarged stress cloud map of the endpoints

To more intuitively display the distribution law of the stress field at the crack tip of an
elliptical hole, adjust the maximum stress values in each direction to be consistent with the
von Mises stress, and then draw them separately σxx, σyy and τxy. The stress cloud diagram
of τxy is shown in Figs. 7-9. From the figure, it can be seen that after the elliptical hole is loaded,
the stress concentration area appears near the crack tip, and the stress cloud contour lines shown
in Figs. 7-9 are consistent with equation (2.24), which is in agreement with the crack tip stress
field shown in reference (Li et al., 2010).

Fig. 7. σxx force cloud diagram

Fig. 8. σyy force cloud diagram
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Fig. 9. τxy force cloud diagram

3.3. Analysis of factors influencing the crack tip intensity factor

To further explore the variation law of the stress intensity factor at the crack tip, it is
calculated based on different lengths of elliptical hole edge cracks and elliptical hole flatness. For
ease of calculation, the crack length and elliptical hole parameters are taken as dimensionless
values. Figure 10 shows a comparison between the analytical and simulated solution of the stress
intensity factor at the crack tip in function of crack length for elliptical holes a = 2, b = 1 and
q = 1. As shown in the figure, as the crack length increases and the stress intensity factor error
gradually decreases. The maximum error of the stress intensity factor shall not exceed 3%. This
proves the correctness of the stress intensity factor for a single hole stress in this paper.

Fig. 10. Comparison of analytical and simulated solutions for stress intensity factor changes with crack
length at a = 2 and b = 1

As illustrated in Fig. 11, by controlling the parameter b of the elliptical hole, while maintain-
ing c = 1, a = 1 and q = 1, the calculated analytical solution is compared with the simulated
solution. As shown in the figure, when the value of b increases, the stress intensity factor first
increases slowly and does not change much. It reaches its maximum value when the value of b
reaches about 0.55, and then rapidly decreases to a parabolic shape. Furthermore, when b ap-
proaches 0, the problem of elliptical holes with cracks degenerates into a classical problem of
partial stress inside the crack. After calculation, the stress intensity factor at the tip is 0.677,
which is consistent with the classical results in reference (Li et al., 2010). The same conclusion
can be drawn when the internal part of the crack is subjected to force.
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Fig. 11. Comparison of analytical and simulated solutions for a change in the crack tip intensity factor
with elliptical flatness at a = 1, β = 1

When a = b, the problem of elliptical holes with cracks degenerates into a problem where a
single circular hole is subjected to a force while the crack surface is not subjected to the force.
A more extensive analysis of this issue is provided in this article. Figure 12 shows a comparison
between the analytical and simulated solution of the stress intensity factor at the crack tip in
function of the radius of the circular hole when the crack length β = 1 and q = 1. As shown in
Fig. 12, when the radius of the circular hole increases, the rate of change of the stress intensity
factor at the crack tip increases first and then decreases.

Fig. 12. Change of the stress intensity factor at the crack tips for different lengths with r at β = 1

Figure 13 shows a comparison between analytical and simulated solutions for variation pat-
terns of the stress intensity factors under different conditions calculated using the method pre-
sented in this paper. As can be seen from Fig. 13, when the crack length changes, the stress
intensity factor first increases rapidly to the peak and then slowly decreases. When a/β is
about 0.5, the stress intensity factor reaches its peak.
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Fig. 13. Comparison of the analytical and simulated solutions for the stress intensity factor at the crack
endpoint and crack length change at a = 1 and b = 1

4. Conclusion

• A transcendental function has been constructed using the Muskhelishvili method and num-
ber theory to solve the complex problem of elliptical holes with cracks. The analytical
solution to the stress intensity factor at the crack tip has been obtained, which is a fur-
ther extension of the Muskhelishvili complex function method and expands its application
range.

• Verification based on an Abaqus numerical simulation method has been made, and the
results showed that after the elliptical hole was loaded, the stress concentration area ap-
peared near the crack tip. By comparing the analytical solution of the stress intensity
factor at the crack tip with the corresponding simulated solution, the correctness of the
analytical solution for a single hole under stress was confirmed.

• Further analysis was carried out on the influencing factors of the crack tip strength factor
(elliptical hole edge crack length, elliptical hole flatness, circular hole radius): (1) when
a 6= b, with the increase of short radius b, the stress intensity factor first slowly increases
and does not change much, reaching its maximum value when b reaches around 0.55, and
then rapidly decreases in a parabolic shape; (2) when a = b, as the radius of the circular
hole increases, the rate of change of the stress intensity factor at the crack tip first increases
and then decreases. When a = b = 1, the crack length changes, and the stress intensity
factor first rapidly increases to the peak, then slowly decreases.
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